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Outline of the talk

The Maṅgalācaraṇam; How to pronounce the name?

The antiquity of Jyotiṣa-śāstra, its purpose

The date of birth of Āryabhaṭa

Major astronomers, mathematicians and their contributions to the field

Signal contributions of Āryabhaṭa
Ingenious way of representing huge numbers (may not discuss today)
Brilliant way of presenting the entire sine table in one verse
Recursive relation for sine function (equivalent to discrete form of harmonic equation)

Types of Indian astronomical texts: Only a glimpse of it

Unique features of Indian calendrical system
Computation of and insertion of adhikamāsa into the calendar
Conception and computation of yuga, tithi, lagna, yoga, etc (of time permits)

Remarkable revision in the Indian planetary system (around 1500 AD)

Conclusion

K. Ramasubramanian The Astronomy of Āryabhaṭa
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The invocatory verses in Āryabhaṭīya

The following opening verse in the Gītikāpāda of Āryabhaṭīya has several layers of
meanings:

प्रऀणपيकैमनेकं कं सيां दवेतां परं ब्रࢦ ।
आयर्भटࢇीऀण गदࣻत गऀणतं कालࣺक्रयां गोलम् ॥१॥

Layer 1 कं = Prajāpati (Caturmukha-brahma & heirs)

Layer 2 कं = Śabdabrahman (aneka considering all vidyasthānas)
Layer 3 कं = Hiraṇyagarbha

The verse below appearing at the beginning of the Gaṇitapāda gives us a cue to the place
in which Āryabhaṭa got himself trained in astronomy.

ब्रࢥकुशऀशबुधभृगुरࣺवकुजगुरुकोणभगणान् नमृيࡡ ।
आयर्भटऒ࢈ह ࣺनगदࣻत कुसुमपुरेऽࣿޟचर्तं ज्ञानम् ॥१॥

K. Ramasubramanian The Astronomy of Āryabhaṭa
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The antiquity of Gaṇita and Jyotiṣa-śāstra
An interesting dialogue between the sages Sanatkumāra and Nārada – छाۘोӌ ७

अधीࣹह भगव इࣻत होपससाद सनुرमारं नारदࡰꣳ होवाच येفڙ तेन मोपसीद ततࡺ ऊۂ϶
वҝामीࣻत स होवाच ॥ १ ॥

ऋӎेदं भगवोऽࣻेۀ म यजुवϺदꣳ सामवेदमाथवर्णं चतुथर्ࣻमࣻतहासपुराणं पօमं वेदानां वेदं
ࣺपٟꣳ राऀशं दवंै ࣺनࣾधं वाकोवाѺमेकायनं दवेࣺवښां ब्रࣺࢥवښां भूतࣺवښां क्ष١ࣺवښां नक्षत्रࣺवښाꣳ
सपर्दवेजनࣺवښामेतڗगवोऽࣻेۀ म ॥ २ ॥

सोऽहं भगवो मन् त्रࣺवदवेाऌࡹ नाࣺىवत् श्रतुं वेࢦ मे भगवړशेृࡰޟरࣻत शोकमाࣺىवࣺदࣻत सोऽहं
भगवः शोचाࣻम तं मा भगवाֆोकࡺ पारं तारयअٌࣻत तं होवाच यैڙ ࣹकօैतदۀगीࡀा नामैवैतत् ॥ ३ ॥

ऋӎेदं भगवः अࣻेۀ म ,राࣻमࡹ येفڙ इࣻत ࣺवज्ञानࡺ पृٌ࠿ात् । तथा यजुवϺदं सामवेदमाथवर्णं चतुथ϶ वेदं वेदशࡺށ
प्रकृतٌात् इࣻतहासपुराणं पօमं वेदं वेदानां भारतपօमानां वेदं ࠖाकरणࣻमيथर्ः । ࠖाकरणेन ࣹह पदाࣺदࣺवभागशः ऋӎेदादयो
ज्ञायۖे ; ࣺपٟं श्राڔक߫म् ; राऀशं गऀणतम् ; दवैम् उمातज्ञानम् ; ࣺनࣾधं महाकालाࣺदࣺनࣾधशाࢇम् ; वाकोवाѺं तकॼ शाࢇम् ;
एकायनं नीࣻतशाࢇम् ; दवेࣺवښां ࣺनरुѱम् ; ब्रࢥणः ऋӌजुःसामाҷࡺ ࣺवښां ब्रࣺࢥवښां ऀशक्षाक߫Ճۘऀࠥतयः ; भूतࣺवښां
भूततन् त्रम् ; क्षत्रࣺवښां धनुवϺदम् ; नक्षत्रࣺवښां իौࣻतषम् ; सपर्दवेजनࣺवښां सपर्ࣺवښां गारुडं दवेजनࣺवښां
गۙयुࣼѱनृيगीतवाऀښश߫ाࣺदࣺवज्ञानाࣺन ; एतُव϶ हे भगवः अࣻेۀ म ॥
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The antiquity of Gaṇita and Jyotiṣa-śāstra
John Playfair’s wonder and puzzlement!!

John Playfair,1 noting that the predictions made by the Indian astronomers were characterized by
extra-ordinary precision and always better than those made by Ptolemy cosiders three
hypotheses:2

1 it is all pure coincidence (this had to be abandoned ...)

2 …some ages ago there had arisen a Newton among the Brahmins to discover that universal
principle which connects, not only most distant regions of space, but the most remote
periods of duration; and a Lagrange, to trace, the immensity of both, its most subtle and
complicated operations.

3 Observations were made in India when all Europe was barbarous or uninhabited, and those
…made in Europe 5000 years afterwards …come in mutual support.

1John Playfair (1748–1819) was a brilliant academician—mathematician, physicist, geologist, astronomer
and historian—with the Univ. of Edinburgh.

2On the Astronomy of the Brahmins (1790), Trans Roy Society, Edinburgh.
K. Ramasubramanian The Astronomy of Āryabhaṭa
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The date of Āryabhaṭa

षށࡒानां षࣼ࠿ः यदा ࠖतीताः त्रयࠥ युगपादाः ।
ٟࣾधका ࣺवंशࣻतरށाः तदहे मम ज۟नोऽतीताः ।। १० ॥
When sixty times sixty years and three quarter yugas (of the current yuga) had
elapsed, twenty-three years had then passed since my birth.

This above verse mentions the epoch when 3600 years had elapsed since the
beginning of the current Kaliyuga.

3600 years =
1577917500

1200
= 13, 14, 931.25 days

This number is generally called as kalyahargaṇa.
Since this epoch corresponds to mean noon at Ujjayinī, Sunday, March 21, 499 CE.
At this time, Āryabhaṭa was exactly 23 years of age.

Thus Āryabhaṭa was born on March 21, 476 CE.

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Prominent Indian Mathematicians and their works till 17th century

1400 bce ? · · ·• Lagadha Vedaṅga Jyotiṣa

800 bce ? · · ·• Śulbakārās Śulbasūtras

1st cent. ? · · ·• Vṛddha Garga Vṛddhagargasaṁhitā

4th cent. ? · · ·• Vararuci Candravākyas

476 ce · · ·• Āryabhaṭa I Āryabhaṭīya, Āryabhaṭasiddhānta

505 ce · · ·• Varāhamihira Pañcasiddhāntikā

598 ce · · ·• Brahmagupta Brāhmasphuṭasiddhānta, Khaṇḍakhādhyaka

629 ce · · ·• Bhāskara I Mahābhāskarīya, Laghubhāskarīya

650–700 ce · · ·• Haridatta Grahacāranibamdhana

689 ce · · ·• Devācārya Karaṇaratna

768 ce · · ·• Lalla Śiṣyadhīvṛddhida

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Prominent Indian Mathematicians and their works till Nityānanda

800 ce · · ·• Govindasvāmin Commentary on Mahābhāskarīya

850 ce · · ·• Mahāvīrācārya Gaṇitasārasaṅgraha

864 ce · · ·• Pṛthūdakasvāmin Vāsanābhāṣya on Brāhmasphuṭasiddhānta

904 ce · · ·• Vaṭeśvara Vaṭeśvarasiddhānta

932 ce · · ·• Mañjula Laghumānasa (moon’s second correction)

950 ce · · ·• Āryabhaṭa II Mahāsiddhānta

1073 ce · · ·• Udayadivākara Sundarī on Laghubhāskarīya

1114 ce · · ·• Bhāskara II Līlāvatī, Bījagaṇita, etc.

1340 ce · · ·• Mādhava Veṇvāroha – Work on computation of Moon’s position

1500 ce · · ·• Nīlakaṇṭha Tantrasangraha, etc.

1639 ce · · ·• Nityānanda Sarvasiddhāntarājā

K. Ramasubramanian The Astronomy of Āryabhaṭa
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The purpose of Gaṇita and Jyotiṣa-śāstras
Motivation behind various mathematical advances — calculating instances precisely, which is part of vyavahāra!

कालाश्रयाेࡰ क्रतवो ࣺनरुѱाः।
Precise determination of time!

The positions of the planets in the background
of stars forms the basis for reckoning time.

Determination of their positions crucially
depends upon accurate knowledge of sine
function, etc.

A

B
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S

S

1

2

3

Earth spinning 
on its axis

Earth

M

M
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1

kr
sn

a
−

p
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Sun   (in conjunction  
             with Moon)
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The planets are our time-keepers — NOT quartz crystals!

One of the old terminologies to the science of astronomy is –कालࣺवधानशाࢇम्।
What is कालࣺवधान? Is it ever possible? Does it make sense to talk about it?

The famous astronomer Āryabhaṭa (c. 499 CE) in his text Āryabhaṭīya (3.11) notes:
युगवषर्मासࣺदवसाः समं प्रवृـाुࡰ चैत्रशुѻादःे । कालोऽयमनाښनۖः ग्रहभैरनुमीयते क्षेत्रे ॥

Time has neither beginning (अनाࣺद) nor end (अनۖ).

If so, what is the basis of our dialogue such as the beginning of a year, end of a month etc.?

They have their basis on the positions of the planets (ग्रह) with respect to the stars (भम्).
What has planetary position got to do with time?

They facilitate us in defining units of time such as yuga, year, month, day and so on.

In fact, division of time is done for pragmatic reasons only. Actually time is boundless!.

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Why is time considered boundless in the Indian tradition?

It is purely for transactional purposes we consider divisions of time.

What would go wrong if we accept a beginning for time?

In such a case, the cycle of worldly existence/experiences (संसार), may also have to be
accepted to have a beginning.

This is undesirable, because this would be in discord with the theoretical framework build
around the concept of liberation (mokṣa) which requires the संसार to be beginningless.

Thus, in the process of present a world view that is not in discord with the philosophical
position taken by other disciplines of knowledge, it is only appropriate that time is taken to
be beginningless!

This is what Bhāskara in his commentary notes:
ࠖवहाराथर्माࣺदरۖࠥ कऍ߫तः। यࣺद कालࡺ आࣺदः ात्ࡺ ततः ࣹकं ?ात्ࡺ आह - संसारࡺ आࣺदमـा प्रा݈ोࣻत।
इࡈते च अनाࣺदः संसार इࣻत । तࡹाښѱुोऽयं कालोऽयमनाښनۖ इࣻत ।

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Two divisions of a year: Uttarāyaṇa and Dakṣiṇāyana

S

eclitp
ic

(towards the 
north celestial pole)

Earth

S

position of Sun when it has just crossed 
summer solstice and begun

3
2

ε celestial equator

4

1

uttarayana

daksinayana

S

S
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What constitutes Pañcānga?
Time period between two risings of the Sun constitutes a civil day – Vāra

Z

P

A

B

L

N

W

E

Q

Sun

Earth

rising point

setting point

of a celestial object 

horizon

S

U

equator

diurnal path
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Shorter units of time within a Yuga

रࣺवभगणा रࠖށाः रࣺवशऀशयोगा भवअۖ शऀशमासाः ।
रࣺवभूयोगा ࣺदवसाः ѼावतЄࠥाࣺप नाक्षत्राः ॥ ५ ॥
The revolutions of the Sun are solar years. The conjunctions of the Sun and the Moon
are lunar months. The conjunctions of the Sun and Earth are (civil) days. The rotations
of the Earth are sidereal days.

Thus we have, the number of

Solar years in a yuga = 43,20,000 (solar revolutions)

Lunar months in a yuga = 5,34,33,336 (lunar revolution − solar revolution)

Civil days in a yuga = 1,57,79,17,500

Sidereal days in a yuga = 1,58,22,37,500

In his commentary, making his remarks on the word ࣺदवसाः Bhāskara notes:

भूࣺदवसो नाम रवेरधЉदयात् प्रभृࣻत पुनरधЉदयࣻमࣻत। सावनो ࣺदवसः भूࣺदवसः इيՊुते।

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Intercalary months in a Yuga

अࣾधमासका युगे ते रࣺवमासेޟोऽࣾधकाुࡰ ये चा܃ाः ।
शऀशࣺदवसा ࣺवज्ञेया भूࣺदवसोनाऋࣽࡰथप्रलयाः ॥ ६ ॥
The lunar months (in a yuga) which are in excess of the solar months (in a yuga)
are (known as) the intercalary months in a yuga; and the lunar days (in a yuga)
diminished by the civil days (in a yuga) are known as the omitted lunar days (in
a yuga).

Thus, according to Āryabhaṭa:

Intercalary months in yuga = 5,34,33,336 − 518.40,000 = 15,93,336

Omitted lunar days in a yuga = 60,30,00,080 − 1,57,79,17,500 = 2,50,82,580

It may also be mentioned here that

The concept of अࣾधमास is much older. We find reference to it in the Vedic literature.

While listing the names of the months we have the mantra – मधुࠥ माधवࠥ …

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Very large units of time

रࣺववष϶ मानुंࡈ तदࣺप ࣻत्रशंڎणुं भवࣻत ࣺपٟम् ।
ࣺपٟं ादशगुऀणतंڙ ࣺदࠖं वषर् ࣺवࣺनࣺदर्࠿म् ॥ ७ ॥
ࣺदࠖं वषर्महसं्र ग्रहसामा۠ं युगं षְगुणम्ڙࣾ ।
अ࠿ोـरं सहसं्र ब्राࢥो ࣺदवसो ग्रहयुगानाम् ॥ ८ ॥
A solar year is a year of men. Thirty times a year of men is a year of the Manes.
Twelve times a year of the Manes is called a divine year (or a year of the gods).
12000 divine years make a general planetary yuga. 1008 (general) planetary yu-
gas make a day of Brahmā.

It is interesting to note a variety of days defined

This seems to be much older – NOT defined by Āryabhaṭa!

In Bhagavadgītā we have – सहस्रयुगपयर्ۖं …

K. Ramasubramanian The Astronomy of Āryabhaṭa
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Is the time unit yuga arbitrary?

Bhāskara in his highly erudite commentary on Āryabhaṭīya observes:3

अथ युगࡺ ࣹकं लक्षणम् ?
उՊते - चैत्रशुѻप्रࣻतपښधЉࣺदते सࣺवतिर लӴायां मीनमेषसۙौ प्रवृـो ग्रहः पुनम॑नमेषसۙौ चैत्रशुѻप्रࣻतपࣺद
सࣺवतुरधЉदये लӴायां यावता कालेन प्रा݈ोࣻत तावرालो युगࣻमࣻत ।
Then, what is the definition of a yuga ?
It is said – A yuga refers to that time period in which the planet, starting from the
interstice of Aries (मेष) and Pisces (मीन) at the sunrise for an equatorial observer at the
beginning of the bright half of Caitra, once again returns back to the same configuration.

Having explained in his own words how the notion of yuga has come to stay in astronomy,
Bhāskara quotes:

चैत्रऀसतादौ सूयϺ ࣺवषुवيधЉࣺदते प्रवृࡺـ ।
मेषादमे॑नाۖं तथाࣺवधैࡺव संप्राࣺ݆ः ॥

3AB, K. S. Shukla edn., INSA, p. 200.
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Time periods mentioned in Indian astronomical texts

In the Indian astronomical tradition, the texts are broadly classified into three types:

Siddhānta (Kalpa = 43, 20, 000× 1000)
Tantra (Mahayuga = 43, 20, 000)
Karaṇa (some recent epoch of one’s own choice)

It is interesting that the age of the Earth as per the current estimates is ≈ 4.54 ± 0.05 billion
years4 (very close to kalpa !)

This may be contrasted with:

4This dating is based on evidence from radiometric age-dating of meteorite material.
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Fascination for huge numbers from Vedic times!

The Indian tradition, from time immemorial, seems to have had a fascination for large
numbers. One of the earliest texts the Taittirīya-saṃhitā 5 presents a list of powers of 10
upto 1012:
शताय ाहाࡼ सहस्राय ाहायुतायࡼ ाहाࡼ ࣺनयुताय ाहाࡼ प्रयुताय ाहाबुर्दायࡼ ाहाࡼ ۠बुर्दाय ाहाࡼ समुद्राय
ाहाࡼ मۀाय ाहाۖायࡼ ाहाࡼ …पराधЄय ाहाࡼ ।
Hail to hundred, hail to thousand …hail to hundred thousand …hail to hundred million
…hail to trillion.

The texts Rāmāyaṇa and Mahābhārata speak of huge numbers.

In contrast to this tradition:

the Greeks had numbers only upto 10,000 (myriad).6

the Arabs conceived of names only upto 1000.
only around 13th century the French introduced million (106).

5Taittirīya-saṃhitā 7-2-49.
6With the evolution of time, the connotation expanded and this term nowadays is used to refer to

something extremely large in number.
K. Ramasubramanian The Astronomy of Āryabhaṭa
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Types of Indian astronomical works

Broadly they can be classified into:

ऀसڔाۖः ( kalpa, quite elaborate, includes tantraparīkṣā)

तۺम् (kalyādi, presents only minimal details)

करणम् (iṣṭadina, mere computational scheme)

Besides the above, there are other class of texts

कोࡀकम् ( kalpa, quite elaborate, includes tantraparīkṣā)

वाѺाࣺन (iṣṭadina, mere computational scheme)

They present table of numbers, either as such, or in the form of Vākyas. Some of the advantages
in using Vākyas are:

the almanac-makers would find it convenient to use them to compute longitudes (doesn’t
involve evaluating sine function).

even common people who have committed the vākyas to memory can easily keep track of
calendar.
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Sample Candravākyas of Vararuci and Mādhava

No. Vararuci-vākya Numerical value Mādhava-vākya Numerical value
1 गीनर्ः श्रयेः 00 12 03 शीलं राज्ञः ࣿश्रये 00 12 02 35
2 धेनवः श्रीः 00 24 09 ࣾधࣻगदं न࠰रम् 00 24 08 39
3 रुद्रुࡰ न޳ः 01 06 22 लोलः पुरुषो नायЄम् 01 06 21 33
...

...
...

...
...

122 ध۠ो मा۠ोऽे޶ 05 15 19 ࣾधगहयुंमकࡹात् 05 15 18 39
123 भोगाध϶ रामा 05 29 34 ष׳ागबۙरुࣜशः 05 29 33 46
124 रामा गीयते 06 13 52 कठोरो मृगपࣻतः 06 13 52 21
125 अيाहारुࡰ 06 28 10 क्षीणो न ࠖाहरࣻत 06 28 10 56

...
...

...
...

...
248 भवेत् सुखम् 00 27 44 धीरगीभЄसुरा 00 27 43 29

It’s remarkable that the authors have shown great ingenuity7 in constructing these vākyas
using the Kaṭapayādi system.

7Besides the intended numerical values, generally these vākyas are also filled with moral values and
worldly wisdom.
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Mere Astrologers ? (strongly critisized)

The distinction between an astronomer and astrologer seems to have been narrow
in ancient times. Astrologers without astronomical knowledge and computational
skills have been demerited.
भोիं यथा सवर्रसं ࣺवनाիं राիं यथा राजࣺववऀजर्तं च।
सभा न भातीव सुवѱृहࣚना गोलानࣾभज्ञो गणकࡰथात्र ।।
A number of virtues are enlisted by Varāhamihira in the form of aphorisms.8

tatra guṇāḥ| śucirdakṣaḥ pragalbho vāgmī pratibhānavān deśakālavit sātviko
…grahagaṇitasaṃhitāhorāgranthārthavetteti

He must be pure, efficient, bold, eloquent, possessed of genius or ready wit,
knower of the time and place, pious, not timid in assemblies, not to be overpow-
ered by his fellow students, expert, free from vices, …

8Bṛhatsaṃhitā of Varāhamihira, chapter 2, aphorism 3.
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Situation of the earth

There are descriptions in some of the purāṇas to the effect that the earth is
supported by a tortoise, a serpent, a boar, elephants or by mountain ranges, etc.

All these views are based upon the premise, namely heavy objects cannot stand in
space without a support.

While scrutinising these views in his Śiṣyadhīvṛddhida-tantra Lalla observes:9

कमठाࣺदࣾभरुڔतृा महࣚ यࣺद ते केन धृता नभऍࡱताः ।
अत एषां ࣺवयࣻत ऍࣻࡱतयर्ࣺद ऀक्षࣻतगोलࡺ तु केन वायर्ते ।।
If the earth is supported by tortoise and other things, by whom are they sup-
ported in space? If these can remain in space unsupported who prevents the
Earth from remaining thus (unsupported)?

9Śiṣyadhīvṛddhida-tantra, of Lalla, chap. 20, verse 41.
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The force of attraction exhibited by the earth

While offering reasoning in the same vein, Bhāskara (b. 1114 CE) observes:10

आकृ࠿शࣼѱࠥ महࣚ तया यत् खंࡱ गुरंु ाࣾभमुखंࡼ श҉ाࡼ ।|
आकृࡈते तمततीव भाࣻत समे समۖात् Ѽ पतअٌयं खे ।।
The earth is known to be possessing the power of attraction. [All] the heavy objects in
the sky are attracted towards it by this power. That is why, they appear to be falling.
This phenomenon is uniform all around the earth; [This being the case,] if this (the
earth) itself were to fall [being unsupported] where would it fall in the space?

Thus clearly according to the Indian astronomers, the earth stands in the space
self-supported.

Certainly does not mean that they understood the Theory of Gravitation. Such claims must
be avoided.

10ऀसڔाۖऀशरोमऀण:, गोलाۀाय, chap. 2, verse 6.
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Figure: The rāśi division of the ecliptic.
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The text Āryabhaṭīya and its contents

The seminal work Āryabhaṭīya (499 ce) consists of 4 parts:
1 गीࣻतकापादः
2 गऀणतपादः
3 कालࣺक्रयापादः
4 गोलपादः

Commenting on this classification, Nīlakaṇṭha observes:11

परࣜक्षावࡱयां पुनः …न पुनरैࡺतावत् पिरमाणࣻमࣻत वѱࠖम् । यࣺद तदݍՊेुत तࣹहर् ऀशࡈाणां तेनैव कृताथर्ता
ात्ࡺ । त۟ाभूࣺदࣻत त٧दशर्ने.अࣺप नाना प्रद࠮र्ते। तेषां तत्र संशयڙारा ऀजज्ञासोفापनायैव तत्। अतः युѱय
एव वѱࠖाः ।
When we are carrying out experiments …we are not supposed to categorically say …If that
were to be said ... It is only the rationale that must be explained.

Gitikāpāda begins with a novel letter-numeral notation for numbers.

It introduces the concepts of Kalpa and Mahāyuga and gives the revolution numbers of
planets and parameters associated with them.

11Āryabhaṭīyabhāṣya, of Nīlakaṇṭha, Vol.3, p.14-15.
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Period of revolution of planets found in Āryabhaṭīya

Of the just 121 verses, the Gītikā-pāda with 13 verses gives all the basic astronomical
parameters, that includes planetary revolutions, the first order sine differences, and so on.

Planet Revolutions Sidereal Period Modern Period
in a Mahāyuga

Sun 43,20,000 365.25868 365.25636
Moon 5,77,53,336 27.32167 27.32166
Moon’s apogee 4,88,219 3231.98708 3232.37543
Moon’s node 2,32,226 6794.74951 6793.39108
Śīghrocca of Mer-
cury

1,79,37,020 87.96988 87.96930

Śīgrhocca of Venus 70,22,288 224.69814 224.70080
Mars 22,96,824 686.99974 686.97970
Jupiter 3,64,224 4332.27217 4332.58870
Saturn 1,46,564 10766.06465 10759.20100
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Overview of the contents in Āryabhaṭīya: Gaṇitapāda

Gaṇitapāda in 33 stanzas deals with foundational mathematics for astronomy and
begins with arithmetic operations such as - squaring, square-root, cubing and
cube-root.

Planar geometry topics include areas of a triangle, a trapezium, and other general
plane figures are covered. Computing volumes of right pyramids and spheres and
estimation for the value of π are presented.

Having produced the methods to calculate sines geometrically and analytically,
Āryabhaṭa presents a tabulation of sine values.

In dealing with number series, the topics covered are arithmetic progression,
summation of first n natural numbers, sum of their sums, sums of squares and cubes
of first n natural numbers.

Kuṭṭaka procedure to solve linear indeterminate equations, relative velocities of
moving objects, and even a problem related to interest calculation are presented.
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Overview of the contents of Kālakriyāpāda and Golapāda

Part III: Kālakriyāpāda
In 25 stanzas, this chapter deals primarily with reckoning of time.

The physical/astronomical basis for divisions of time, as well as planetary models
(epicycle and eccentric circle theories) are presented.

Explicit procedure for calculation of planetary positions are also covered here.

Part IV: Golapāda
In 50 stanzas, this chapter deals exclusively on the concepts and problems in
spherical astronomy.

Bhagola (celestial sphere) as seen at different latitudes, diurnal problems associated
with the motion of the Sun, Moon and planets on the celestial sphere are covered

Other key topics presented in .this chapter include situation of the earth and its
shape, brightness/darkness of planets, parallax, lunar eclipse, solar eclipse, etc.
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Construction of the sine-table

A quadrant is divided into 24 equal parts, so that each arc bit α = 90
24 = 3◦45′ = 225′.

Āryabhaṭa presents two different
methods for finding
R sin iθ, (PiNi) i = 1, 2, . . . 24.

The Rsines of the intermediate
angles are determined by
interpolation (I order or II order).
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Computing Rsines: Approach in earlier siddhāntas

Varāhamihira has given the following Rsine values and relations in his Pañcasiddhāntikā (c. 505 ce):

R sin(30◦) =
R

2
(1a)

R sin(45◦) =
R
√
2

(1b)

R sin(60◦) =

√
3

2
R (1c)

R sin(90◦) = R (1d)

R sin(θ) = R cos(90− θ) (2a)

R sin2(θ) +R cos2(θ) = R2 (2b)

R sin
(
θ

2

)
=

(
1

2

)
[R sin2(θ) +R vers2(θ)]

1
2 (2c)

The above Rsine values given by (3) and relations (4) can be derived using the bhujā-koṭi-karṇa-nyāya and
trairāśika (rule of three for similar triangles). Equations (4) can be used to compute all the 24 tabular Rsine values.
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Finding tabular sines: Geometrical approach

समवृـपिरࣾधपादं ࣽछ܂ात् ࣻत्रभुजाՂतुभुर्जाՂैव ।
समचापիाधЄࣺन तु ࣺवޱ࠻ाधϺ यथे࠿ाࣺन ।।

O A

B

R

E

F

G

C

R/2

60

D We know, chord 60◦ = R = 3438

From the triangle OBC,

R sin 30 = BC = R/2 = 1719

Using bhujā-koṭi-karṇa-nyāya from 8th Rsine (30◦) we can
get 16th Rsine (60◦).

In other words, R sin θ ⇝ R sin(90− θ).

Further, noting that

R sin θ ⇝ R cos θ ⇝ R vers θ

R sin θ & R vers θ ⇝ R sin
θ

2
,

it can be seen that all the 24 Rsines can be calculated.
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Finding tabular sines: Geometrical approach (contd.)

Most of the Indian astronomers have presented their sine tables by dividing the quadrant (90◦) into 24
parts.

By the principle outlined above, it can be easily shown that all the 24 Rsines can be obtained provided
the 24th, 12th and 8th Rsines are known.

8th 12th

6th

3rd

16th

22nd

23rd

 1st

2nd

4th

20th

10th

11th

21st

18th

9th

5th

14th

7th

17th13th

15th

19th

The circumference of the circle was taken by
Āryabhaṭa to be 21600 units.

From that using the approximation for π given by
him, we get R = 24th Rsine ≈ 3438.

Once this it known, it is noteworthy that in the

proposed scheme of constructing the table, all that is

required is extraction of square root, for which

Āryabhaṭa had clearly evolved an efficient algorithm.
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Finding tabular sines: Analytic approach
प्रथमाՂापիाधЄत् यैरूनं खइؓतं तीयाधर्म्ڙࣾ ।
त٧थमիाधЅशैः तैࡰरैूनाࣺन शेषाऀण ।।

Let Jk = R sin (k × 225′), (k = i, 2, . . . , 24) , be the twenty-four Rsines, and
let ∆k = Jk − Jk−1, (k = i, 2, . . . , 24)... be the Rsine-differences. Then, the formula coded in the above sūtra may be
expressed as12

∆2 = J1 −
J1

J1
(3)

∆k+1 = J1 −
(J1 + J2 + . . .+ Jk)

J1
(k = 1, 2, . . . , 23). (4)

This second relation is also sometimes expressed in the equivalent form

∆k+1 = ∆k −
(∆1 +∆2 + . . .+∆k)

J1
(k = 1, 2, . . . , 23). (5)

From the above, the discrete version of the harmonic equation follows

∆k+1 −∆k =
−Jk

J1
(k = 1, 2, . . . , 23). (6)

12Āryabhaṭa is using the approximation ∆2 −∆1 ≈ 1′.
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Āryabhaṭa’s table for computing Rsines

Using either/both the approaches, Āryabhaṭa having obtained Rsine values has presented a table in
Gītikā-pāda of Āryabhaṭīya (verse 12).

This verse13 lists the 24 first order Rsine-differences (in arc-minutes):
मंख भंख फंख धंख णंख ञंख
ङंख हࡩ कࣹࡡ ࣹक࠽ कࣹࡤ ࣹकӯ ।
Ӯࣹक ࣹकग्र हѺ धࣹक ࣹकच
ࡣ ࠨ ԇ ѻ ݆ फ छ कलाधर्իाः ।।
225, 224, 222, 219, 215, 210, 205, 199, 191, 183, 174, 164, 154, 143, 131, 119, 106, 93, 79, 65, 51, 37, 22,
and 7—these are the Rsine-differences [at intervals of 225′ of arc] in terms of the minutes of arc.

In Āryabhaṭa’s notation: म → 25; & ख → 200;

13This verse is one of the most terse verses in the entire Sanskrit literature that I have ever come across.
Only after several trials would it be ever possible to read the verse properly, let alone deciphering its content.
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Earth’s rotation

Āryabhaṭa was the first astronomer in the Indian tradition to have propounded the
theory of rotation of the Earth in order to explain the diurnal motion.

अनुलोमगࣻतनЎࡱः पي࠮चलं ࣺवलोमगं यڙत् ।
अचलाࣺन भाࣺन तڙत् समपऀࠥमगाࣺन लӴायाम् ॥ ९ ॥
उदयाࡰमयࣺनࣻमंـ ࣺनंي प्रवहणे वायुना ऀक्ष݆ः ।
लӴासमपऀࠥमगो भपևरः सग्रहो भ्रमࣻत ॥ १० ॥
Just as a person in the boat moving in the forward direction observes the sta-
tionary objects (trees etc., on the bank) to be moving in the opposite direction,
so also the stationary stars seem to move directly westward for an observer in
Laṇka (a ‘ficticous’ place to be supposedly on the equator.)

(It so appears as if) the entire structure of the asterisms together with the planets
were moving exactly towards the west of Laṇka, being constantly driven by the
provector wind, to cause their rising and setting.
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Situation of the Earth and illumination of planets

In Golapāda verse 6, Āryabhaṭa states
वृـभपېरमेۀ कҝापिरवेࣼ࠿तः खमۀगतः।
मृբलऀशंखवायुमयो भूगोलः सवर्तो वृـः ॥
The globe of the Earth stands(supportless) at the centre of the cir cular frame of
asterisms surrounded by the orbits (of the planets); it is made up of water, earth,
fire and air and is spherical.

The supportless nature of the earth and the reason for its spherical shape is elaborated in
many later texts and commentaries.

भूग्रहभानां गोलाधЄࣺन Ճाययाࡼ ࣺववणЄࣺन ।
अधЄࣺन यथासारं सूयЄࣾभमुखाࣺन दीेۖݍ ॥
Halves of the globes of the Earth, the planets and the stars are dark due to their
own shadows; the other halves facing the Sun are bright in proportion to their
sizes.
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Cause of eclipses and a sample algorithm for calculation

च܃ो जलं अकЉࣽӈः मृڗՃूायाࣺप या तमࡰआڔ ।
छादयࣻत शशी सूय϶ शऀशनं महती च भूՃाया ॥
The Moon is water, the Sun is fire, the Earth is earth, and what is called shadow
is darkness (caused by the earth’s shadow). The Moon eclipses the Sun and the
great shadow of the Earth eclipses the Moon.

तՃऀशसޮकЄधर्कृतेः शऀशࣺवक्षेपवࣻगर्तं शोۀम्।
ऍيࡱधर्मࡺ मूलं ज्ञेयं च܃ाकॼ ࣺदनभोगात्॥ ॥
From the square of half the sum of the diameters of that (tamas)and the Moon,
subtract the square of the Moon’s latitude, and (then) take the square root of the
difference; the result is known as half the duration of the eclipse (in minutes of
arc). (The corresponding time (in ghaṭis etc. is obtained with the help of) the
daily motions of the Sun and the Moon.
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Yuga and kuṭṭākara

Succinctly presenting the definition of yuga, Bhāskara notes:14

युիۖे अऌࡹन् ग्रहाः इࣻत युगम् ।
[The period] in which [all] the planets come together (i.e., fall in line) is a yuga.

This explains the choice of the time period 43,20,000 years.

How did they arrive at this large period?

By solving the first order indeterminate equation (kuṭṭākara):
ࣾभۚाग्रषेु युगेषु एकाग्रीकरणं कुִाकारेणाࣾभࣹहतम् ।
The procedure to reduce different remainders to the same one has been stated by inde-
terminate analysis (kuṭṭākara).

presenting revolutions in integers ⇝ yuga ⇝ kuṭṭākara

clear instance of how culture ⇝ nice mathematical technique

14AB, K. S. Shukla edn., INSA, p. 200.
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Motivation for finding the precise values of sines

Sine function (jyā) is ubiquitous. For instance,
In the computation of longitude of the planets,

λ = λ0 − sin−1
( r

R
sinM

)
(7)

The declincation of the Sun is computed using the formula,

sin δ = sin ϵ sinλ, (8)

where ϵ → obliquity of the ecliptic and δ → declination of the Sun.

The time of sunrise, sunset, the computation of lagna, muhūrta etc., heavily depend
on the precise computation of jyā appearing in the above relations.

This explains the need for the computation of precise values if the jyās.
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Prediction cannot be for all times (as parameters are not constants)

Nīlakaṇṭha in his magnificent commentary on Āryabhaṭīya (3.11) explains the limitations of
humans in making long term predictions, by employing a beautiful simile:

यथा ࣺनऀश पयर्टतां प्रदीपाࣺदࣾभः समीपगतःࡼ प्रदशेः यावदपेक्षं दृ࠮ः, एवं सवϿरࣺप समीपभवःࡼࡼ कालः
यावदपेक्षमनुमेयः । एवं ࣻतڇाࣺदकं स޳गनुमीय कालं यापयअۖ । . . .
तࡹाद् भगवतः आयर्भटࡺ ग्रहगࣻतप्रमाणतदनुग्राहकतकॼ प्रࣻतपादनपरٌात् संҷाभागे ताمयЄभावात्
उदाहरणٌनेैव त٧दशर्नम् । अतः यमुѱानांࡼ तासां परࡵरࣺवरोधः न दोषाय भवࣻत। उदाहरणं ࣹह बहुधा
प्रद࠮र्मानं न दुࣻࡈत ।
For travelers moving in the night with the help of lanterns etc. as the range of sight is
limited, so too for all [astronomers] the range of prediction is limited to certain period
close to their own times. Thus they spend time in making better predictions …

Therefore, there is nothing wrong even if there is incongruity in those values stated by
oneself [at different times]. Variations in the examples presented does not bring down
the credentials!
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Why do we need to look into these texts?

A study of the historical and cultural perspective need not necessarily help in solving the
current problems or pollution, climate change, population, industrializaton, urbanization,
etc.

However, such a study is quite fascinating in itself. Besides being challenging, it is
intellectually rewarding.

With the evolution of time,

the language used to describe the problem may change
style of presentation may change
the mathematical tools used to handle it may change
the accuracy with which we can find the solution may change.

This, however, doesn’t make the work prototypical or obsolete.

For instance, the statements made by Bhāskara with respect to nature of mathematical tools
employed in predicting the planetary positions seem to be valid for ever, and mirrors a clear
understanding of the very nature of science.
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Why do we need to look into these texts?
To understand the prevailing eurocentric view

Classical science is European and its origins are directly traceable to Greek
Philosophy and Science15.

G.Sarton opines16: - …One could almost omit Hindu and Chinese developments in
Mathematics.

P.Tannery observes17: - The more one examines the Hindu scholars the more they
appear dependent upon the Greeks …and …quite inferior to their predecessors on all
respects.

15R.Rashed, The development of Arabic Mathematics, Kluwer Academic Publishers, 1994, p 332.
16Al-Daffa A.A, The Muslim Contribution to Mathematics, Humanities Press, 1977, p 15.
17R.Rashed, The development of Arabic Mathematics, Kluwer Academic Publishers, 1994, p 338.
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Heliocentric motion of Mercury and Venus
Clinching argument by Nīlakaṇṭha

ननु ࡺबްࣺࡼ ࣺवक्षेपः भ्रमणवशादवेࡼ भࣺवतुमहर्ࣻ त, न पुनः अ۠भ्रमणवशाࣺदࣻत ?

सيम् । न पुनः अ۠ࡺ भ्रमणवशात् अ۠ࡺ ࣺवक्षेपः उपपښते। तࡹात् बुधः अ࠿ाशीيवै ࣺदनैः ंـभ्रमणवृࡼ
पूरयࣻत ।…
एतՂ नोपपښते यदकेेनैव संवُरेण तمिरभ्रमणमुपलޟते नैवा࠿ाशीيा ࣺदनैः ।
Is it not a fact that the latitudinal motion of a body is dependent only on the motion
of that body and not due to the motion of something else?

True it is! The latitudinal motion of one body cannot be obtained as being due to the
motion of another. Hence Mercury goes around its own orbit in 88 days. …

However, this also is not appropriate because we see it going around [the Earth] in
one year and not in 88 days.
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Heliocentric motion of Mercury and Venus
Clinching argument by Nīlakaṇṭha

सيम्, भगोलपिरभ्रमणं तࡺाݍकेेनैव अށने। एतदुѱं भवࣻत–
तयोः भ्रमणवृेـन न भूः कबलࣺࣜक्रयते। ततो बࣹहरेव सदा भूः ।|
भगोलैकपा࠰Ϻ एव तृـڙ ࡺ पिरसमा݆٠ात् तڗगणेन न ादशराऀशषुڙ चारः ात्ࡺ ।
True, The period in which Mercury completes one full revolution around the
bhagola (the celestial sphere) is one year only. This is what is being stated –

The earth is not circumscribed by their [Mercury and Venus] orbits. The Earth is
always outside their orbit.

Since their orbit is confined to one side of the [geocentric] celestial sphere, in
completing one revolution they do not go around the twelve signs (rāśis).
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Copernicus & Problem of planetary latitudes
Observations by Neugebauer and Sverdlow

“Copernicus, ignorant of his own riches, took it upon himself for the most part to represent
Ptolemy, not nature, to which he had neverthelesss come the closest of all.” In his famous and
just assessment of Copernicus, Kepler was referring to the latitude theory of Book V [of De
Revolutionibus], specifically to the “librations” of the inclinations of the planes of the eccentrics,
not in accordance to the motion of the planet, but …by the unrelated motion of the earth. This
improbable connection between the inclinations of the orbital planes and the motion of the earth
was a result of Copernicus’s attempt to duplicate the apparent latitudes of Ptolemy’s models in
which the inclinations of the epicycle planes were variable. In a way this is nothing new since
Copernicus was also forced to make the equation of centre of the interior planets depend upon
the motion of the earth rather than the planet.
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Clips of referee report
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Concluding Remarks
History vs. Myth-making

The last but one verse of the text Āryabhaṭīya goes as:
सदसԼानसमुद्रात् समु٠तृं दवेताप्रसादने । सԼानो،मरؐं मया नमҔंࣄ तनावाࣆमࡈ ॥

Finally, again, I would like to conclude with the words of Claude Alvares.18 – in his
introduction to The Indian Science and Technology in the 18th Century19. Alvares observes –

All History is elaborate efforts in myth-making. ...

If we must continue to live with myths, however, it is far better we choose to live with
those of our own making rather than by those invented by others for their own
purposes.

That much at least we owe as an independent Society and Nation.

18A renowned environmentalist based in Goa; And also the editor of Other India Press.
19This book by Dharampal has served as an eye-opener for many scientists, which made them take a

serious look at the contribution of Indians to Science.
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Thanks!

Thank You !

K. Ramasubramanian The Astronomy of Āryabhaṭa


